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Abstract. In this article, we study the hyperbolic components of Mc- 
MuUen maps. We show that the boundaries of all hyperbolic compo- 
nents are Jordan curves. This settles a problem posed by Devaney. 
As a consequence, we show that cusps are dense on the boundary of 
the unbounded hyperbolic component. This is a dynamical analogue 
of McMuUen's theorem that cusps are dense on the Bers' boundary of 
Teichmiiller space. 
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1. Introduction 

The rational maps on the Riemann sphere C = C U {0} 

z'^ + Az-", A e C* = C \ {0}, d,m>l 

regarded as a singular perturbation of the monomial z i— )■ z"', take a simple 
form but exhibit very rich dynamical behavior. These maps are known 
as 'McMullen maps', since McMullen Mcl first studied these maps and 
pointed out that when (d, m) = (2, 3) and A is small, the Julia set is a Cantor 
set of circles. This family attracts many people for several reasons. The 
notable one is probably that the Julia set varies in several classic fractals. 
It can be homeomorphic to either a Cantor set, or a Cantor set of circles, 
or a Sierpinski carpet 



DLU 



Another reason is that this family provides 
many examples for different purpose to understand the dynamic of rational 
maps. We refer the reader to [DKl[Dru]pP|[HPl[QWY| |^ [DT}jD^ and 
the reference therein for a number of related results. 

The purpose of this article is to study the boundaries of the hyperbolic 
components of the McMullen maps: 



/a : z I-)- + Az 



A G 



n > 3. 



For any A E C*, the map fx has a superattracting fixed point at oo. The 
immediate attracting basin of oo is denoted by Bx. The critical set of fx is 
{0,00} U Cx, where Ca = {c G C;c^"' = A}. Besides 00, there are only two 
critical values: = and = (here, when restricted to the 
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fundamental domain, v]^ and are well-defined, see Section [3j). In fact, 
there is only one free critical orbit (up to a sign). 

Recall that a rational map is hyperbolic if all critical orbits are attracted 



by the attracting cycles, see M , Mc4| . A McMullen map fx is hyperbolic if 



the free critical orbit is attracted either by oo or by an attracting cycle in C. 



It is known (see Theorem 2.2) that for the family {/aIasc*) every hyperbolic 
component is isomorphic to either the unit disk D or D* = D — {0}. This 
family admits the 'Yoccoz puzzle' structure (see [QWYj ), which allows us 
to carry out further study of their dynamical behavior and the boundaries 
of the hyperbolic components. The Yoccoz puzzle is induced by a kind of 



Jordan curve called 'cut ray' which was first constructed by Devaney D3 
The main result of the paper is: 

Theorem 1.1. The boundaries of all hyperbolic components are Jordan 
curves. 



Theorem |1.1| afhrmly answers a problem posed by Devaney DK| at the 



Snowbird Conference on the 25th Anniversary of the Mandelbrot set. In fact, 
Devaney has proven in |T)1| that the boundary of the hyperbolic component 
containing the punctured neighborhood of the origin is a Jordan curve and 
he asked whether all the other hyperbolic components of escape type (the 
free critical orbit escapes to oo) are Jordan domains. Our result confirms 
this. 




Figure 1. Parameter plane of McMullen maps, n = 3,4. 

Our second result concerns the topological structure of the boundary of 
the unbounded hyperbolic component Tio (consisting of the parameters for 
which the Julia set J(/a) is a Cantor set, see Section [2]): 

Theorem 1.2. Cusps are dense in OT-Lq. 



Here, according to McMullen Mc3 , a parameter A E C* is called a cusp 



if the map f\ has a parabolic cycle on dBx. Theorem 1.2 is a dynamical 
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analogue of McMullen's theorem that cusps are dense on the Bers' boundary 
of Teichmiiller space 

Let's sketch how to obtain Theorem 1.2 Assuming Theorem one gets 



a canonical parameterization i/ : S — )• dHo, where u{9) is defined to be the 
landing point of the parameter ray 7^o(^) (see Section [4]) in Hq. We actually 
give a complete characterization of dTio and its cusps: 

Theorem 1.3 (Characterization of dHo and cusps). 

1. X £ OHq if and only if dB\ contains either C\ or a parabolic cycle. 

2. ^{O) is a cusp if and only if n^O = 6 mod Z for some p>l. 



Theorem |1.2| is an immediate consequence of Theorem 1.3 since {6; n^O = 
9 mod Z,p > 1} is a dense subset of the unit circle §. 

The heart part of paper is to prove Theorem |1.1[ We briefly sketch the 
idea of the proof and the organization of the paper. The idea is different 
from the parapuzzle techniques (known to be a powerful tool to study the 
boundary of hyperbolic components, see |R2[|R3| ). We rely more on the 
dynamical Yoccoz puzzle rather than the parapuzzle. From Section [2] to 
Section [5j we study the hyperbolic components of escape type, which are 
called escape domains. 

In Section 2, we parameterize the escape domains. 

In Section 3, we sketch the construction of the cut rays which are impor- 
tant in the study of escape domains. The crucial fact of cut rays is that they 
move continuously in Hausdorff topology with respect to the parameter. 

In Section |4j we will prove that OHq is a Jordan curve. We first show that 
dHo is locally connected. To this end, we show that any two maps (which are 
not cusps) in the same impression of the parameter ray are quasiconformally 



conjugate (Proposition 4.8). This conjugacy is constructed with the help of 
cut rays and it is holomorphic in the Fatou set. A 'zero measure argument' 
for non-renormalizable map following Lyubich (see Section [7]) implies that 
the conjugacy is actually a Mobius map. So the two maps are the same. 



After we knowing the local connectivity, a dynamical result (Theorem 3.1) 
enables us to show that the boundary is a Jordan curve. 

In Section [5j we will prove that the boundaries of all escape domains of 
level A; > 3 (these escape domains are called Sierpinski holes) are Jordan 
curves. The proof is based on three ingredients: the boundary regularity 
of (97^0) holomorphic motion and continuity of cut rays. We remark that 
our approach also applies to d%2- This will yield a different proof from 
Devaney's in |Dlj . 

In Section [6j we show that the hyperbolic components which are not of 
'escape type' are Jordan domains. 

Acknowledgement. X. Wang would like to thank the Institute for Com- 
putational and Experimental Research in Mathematics (ICERM) for hospi- 
tality and financial support. We would like to thank Xavier Buff for helpful 
discussions. 
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2. Escape domains and parameterizations 

There are two kinds of hyperbolic McMuhen maps based on the behavior 
of the free critical orbit. If the orbit escapes to infinity, the corresponding 
hyperbolic component is called an escape domain. If the orbit tends to an 
attracting cycle other than oo, the corresponding hyperbolic component is 
of renormalizable type. 

In this section, we present some known facts about escape domains. We 



refer the reader to [DLU for more background materials. The hyperbolic 
components of renormalizable type will be discussed in Section [6} 

For any A G C*, the Julia set J{fx) of fx can be identified as the boundary 
of IJkyofx^iBx). It satisfies e"/"J(/A) = J(/a). The Fatou set F{fx) of 
fx is defined by F{fx) = C — J{fx)- We denote by T\ the component of 
f^^{Bx) containing 0. It is possible that Bx = Tx- In that case, the critical 



set Cx C Bx and J{fx) is a Cantor set (see Theorem 2.1). 



For any A; > 0, we define a parameter set Hk as follows: 

Tik = {X € C*;k is the first integer such that fx{Cx) C Bx}. 

A component of %k is called a escape domain of level k. One may verify that 
-Ho = {A G C*-vl G 5a}, -Hi = and Uk = {\ & C*-J^-\v+) G Ta / Bx} 
for k > 2. See Figure 1. The complement of the escape domains is called 
the non-escape locus Ai. It can be written as 

7W = {A G C*; fxi^x) does not tend to infinity as k ^ oo}. 
The set A4 is invariant under the maps z \-^z and z i— t- e^-^z. 



Theorem 2.1 (Escape Trichotomy [DLU] and Connectivity [DRj ) . 

1. If X £ Ho, then J{fx) is a Cantor set. 

2. If X & 'H2, then J{fx) is a Cantor set of circles. 

3. If X £ Tik for some k>3, then Ji fx) is a Sierpinski curve. 

4. If X £ Ai, then Julia set J{fx) is connected. 



Based on Theorem 2.1, we give some remarks on the escape domains. 
According to Devaney, T-Lq is called the Cantor set locus, I-L2 is called the 
McMullen domain, Tik with A; > 3 is called the Sierpinski locus and each of 
its component is called a Sierpinski hole. Devaney showed that the boundary 
dT-L2 is a Jordan curve |Dlj and Tik with k > 3 consists of (2n)'^~'^(n — 1) 
disk components |D2|. 



The Bottcher map (f>x of fx is defined in a neighborhood of 00 by (pxiz) = 

1 —k 

lim {fx{z))^ . It is unique if we require (/'a(oo) = 1. The map (px satisfies 

k—>oo 

<Px{fxiz)) = (pxiz)"" and (j)x{e'^^'^"'z) = e'^*/"(/>A(z). One may verify that near 
infinity, 

(t>x{z) = ak{X)z'~^''^, ao(A) = 1, ai(A) = X/n, ■■■ . 

k>0 




Figure 2. The Julia sets: a Cantor set (upper- left), a Cantor set of 
circles (upper-right), a Sierpinski curve (lower-left) and a connected 
set (lower-right). 



If A G C*\'Ho, then both Bx and T\ are simply connected. In that case, there 
is a unique Riemann mapping iJx-.Tx^ O, such that V'a(w^)"" = MfxH) 
for w G Tx and il^'x{0) = ^/X. The external ray Rx{t) of angle t in i?A is 
defined by Rx{t) ■= 0^^((1, +oo)e^'^**), the internal ray RT^{t) of angle t in 
Ta is defined by RT^{t) := ^px^{{0, l)e2^^*). 

Theorem 2.2 (Parameterization of escape domains, (D2] [Rl] jg). _ 

1. Hq is the unbounded component ofC* — Ai. The map <I>o : Tio — )• C — D 
defined by <I*o(A) = (pxi^^)"^ is a conformal isomorphism. 

2. 7i2 is the component ofC*—A4 containing the punctured neighborhood 
of 0. The holomorphic map $2 : ^2 — )• C — D defined via <I>2(A)"~^ = 

4'x{fx{'i^x)) ^'^^ limA-!>o '^*J'2(A) = 22-"^ is a conformal isomorphism . 

3. Let % be a escape domain of level k > 3. The map <I>-^ : 71 ^ D 
defined by ^-uW = ''Pxifx^'^i'^x)) conformal isomorphism. 

Both and $2 satisfy 5>e(e^A) = e^^>e(A) and $e(A) = <I>e(A) for 
e G {0, 2} and A G Tie- Thus they take the forms $,(A) = A^'e(A''"^)> where 
is holomorphic function whose expansion has real coefficients. 

Theorem 2.3 (Connectivity of 7W). The non- escape locus Ai is connected 
and has logarithmic capacity equal to I/4. 
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Proof. By Theorem 2.2, each component of C — A4 is a topological disk. So 
Ai is connected. The logarithmic capacity of M follows from the expansion 
of $0 near oo: $o(A) = 4A + ©(A^-"). □ 

3. Cut rays in the dynamical plane 
The topology of dB\ is considered in QWY| , where the authors showed 



Theorem 3.1 ( |QWY] ). For any n > 3 and any A G C*, 

• dB\ is either a Cantor set or a Jordan curve. In the latter case, all 
Fatou components eventually mapped to B\ are Jordan domains. 

• If dB\ is a Jordan curve containing neither a parabolic point nor the 
recurrent critical set C\, then dB\ is a quasi-circle. 

Here, the critical set Cx is called recurrent if Cx C J{fx) and the set 
Ua:>i/a(Ca) has an accumulation point in Cx- The proof of Theorem 



3.1 



is based on the Yoccoz puzzle theory. To apply this theory, we need to 
construct a kind of Jordan curve which cuts the Julia set into two connected 
parts. These curves are called cut rays. They play a crucial role in our 
study of the boundaries of escape domains. For this, we briefly sketch their 
constructions here. 

To begin, we identify the unit circle S = M/Z with (0, 1]. We define a 
map r : S ^ S by t((9) = nO mod 1. Let = ^] for < A; < n and 
®-k = + 1,^^ + 1] for l<k<n-l. Obviously, (0, 1] = U_n<j<„Gj. 

Let Q be the set of all angles 9 £ (0, 1] whose orbits remain in IJfc=i(®fc'-' 
@-k) under all iterations of r. One may verify that O is a Cantor set. Given 
an angle 9 £ Q, the itinerary of 6* is a sequence of symbols (sq, si, S2, • • • ) ^ 
{±1, • • • , ±(n - 1)}^ such that r^(6') G G^,, for all k > 0. T he angle 6* G G 
and its itinerary (sq, si, S2, • • • ) satisfy the identity ( |QWY , Lemma 3.1): 



n ^ 1 ( Xjso) sr^ \Sk\ 
^ k>l 

where x(so) = sq if < sq < n and x(so) = n — sq \i — (n — 1) < so < — 1- 

Note that e^^/("-^)/A(^) = (-l)"/e2-/(n-i)A(e''*/^""^^^) for all A G C*. 
This implies that the fundamental domain of the parameter plane is 

Jo = {A G C*;0 < argA < 2^/(n- 1)}. 

We denote the interior of by 

J":= {A G C*;0 < argA < 27r/(n - 1)}. 

In our discussion, we assume A G J"o and let Ox = Ufe>o/;^'^(oo) be the 
grand orbit of oo. Let cq = co(A) = ^{/A be the critical point that lies on 
M"*" := [0, +oo) when A G and varies analytically as A ranges over Let 
Cfc(A) = cge^'^*/"' for 1 < fc < 2n — 1. The critical points with k even are 
mapped to while the critical points Ck with k odd are mapped to v~^. 
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Let ik = Cfc[0, +00] be the closed straight line connecting to 00 and 
passing through for < k < 2n — 1. The closed sector bounded by 
£k and i^^i is denoted by 5^ for < A; < n. Define = —5^ for 
1 < k < n — 1. These sectors are arranged counterclockwise about the origin 



„„ cA . . . oA cA ... oA 



The critical value vt always lies in Sq because arg cq < arg vt < arg ci for 



ciiwci.yri lies in ljq ucv^auoc cxig ^ ciig 

all A G -Fq- Correspondingly, the critical value vj^ lies in S^. The image of 
ik under fx is a straight ray connecting one of the critical values to 00; this 
ray is called a critical value ray. As a consequence, fx maps the interior of 
each of the sectors of S^i, • • • , 'S'^(„_i) univalently onto a region T;^, which 

can be identified as the complex sphere C minus two critical value rays. For 
any e G {±1, • • • , ^{n — 1)}, let int{S^) be the interior of S^, the inverse of 
fx : int{S^) Tx is denoted by -.Tx^ int{S^). 

Theorem 3.2 (Cut ray, [D3] |QWY| ) . For any X € F and any angle 9 ^ Q 
with itinerary (sq, si, S2, • ' ' )> the set 



■■=f]fxHsius> 



r-A 

-SkJ 

k>0 



is a Jordan curve intersecting the Julia set J{fx) c- Cantor set. 



Theorem 3.2 is originally proven for the parameters A G J-nA4 in |QWY 



The proof actually works for all A G J-" without any difference. 

Here are some facts about the cut rays: nl = -nl and = n^^^^-, 
Rx{e)URx{e+l) C ninFifx) C Uk>ofxHBxy, 0,00 G f]^ and l^^\{0,oo} 

is contained in the interior of S^^US^,^; fxi^x) = ^A^^^ and fx'-^i^ ^l^'^^ 
is a two-to-one map. We refer the reader to [QWYj for more details of the 
cut rays. 
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Now we give some new dynamical properties of the cut rays. These facts 
are useful to study the parameter plane. We denote by B{z, r) the Euclidean 
disk centered at z with radius r. For any A G C* \ "Ho; set := {w € 
By,\Mw)\ >L} forL> 1. 

Lemma 3.3 (Holomorphic motion of the cut rays). Fix an angle 9 £ Q, the 
cut ray moves holomorphically with respect to X £ F. 

Proof. Fix a parameter Aq G J'- We will define a holomorphic motion h : 
((r2^^\OAo)n-F(/Ao)) — )• C with base point Aq as follows. For any X £ T, 
there is a number L > 1 (depending on A) such that the Bottcher map 
(j)u : B^ — {C € C; |C| > L} is a. conformal isomorphism, for u G {A, Aq}. 
Uz€{Q%^\Ox,)nBj:^^,wede&neh{X,z) = <P^'o^^^{z). If z e {n%^\0 x,)n 
\ B^^), we consider the itinerary of z, which is the unique sequence 
of symbols (eo, ei, 62, • • • ) G {±1, • • • ,±(n- 1)}^ such that /^^(z) G 
for all A; > 0. Let iV > 1 be the first integer such that fx^iz) G Sf^. We 
define h{X, z) = h\_^o ■■■ o h^^_^ o 0"^ o (pxoifxoi^))- In this way, we get a 
well-defined map h : T x {{^Xo \ ^^o) H -F(/ao)) C. Since both cpx and 
h^. are holomorphic with respect to A G J^, one may verify that the map h 
is a holomorphic motion parameterized by J-, with base point Aq (namely, 
h{Xo,z) = z). Moreover, for any A G J-", we have h{X, {Q^^^\Oxa)f^F{fxg)) = 

{ni\Ox)nF{fx). 

Note that for an y A G .F , the closure of {nl\Ox)nF{fx) is n{. By the A- 
Lemma (see 



MSS 



or 



Mc4 



), there is a holomorphic motion H : TxQ^^^ — )• C 
extending h and for any A G J^, one has H{X, ^Xo^ ~ ^A- That is to say, the 
cut ray moves holomorphically when A ranges over T. □ 



The following result will be used to prove Proposition 4.8 



Lemma 3.4 (Periodic cut rays are quasi-circles). For any A G and any 

periodic angle 9 £ Q, the cut ray is a quasi-circle. 

It's not clear whether 0^ is a quasi-circle when G is not rational. But 
Lemma 3.4 suffices for our purposes. 

Proof. Let p > be the first integer such /^(J7^) = fi^. We fix some large 
number L > 1 so that (px ■ B^ ^ {( £ C; |C| > L} is a conformal map. 

Since the cut rays il^, • • • , il^ '•^^ avoid the free critical values v^, there 
is a number 60 > such that for any z G \ {00}, any integer A; > and 

any component Uk{z) of f^^{B{z, 5q)) intersecting with U • • • U 
we have that Uk{z) is a disk and : Uk{z) — t- B{z,5o) is a conformal map. 
Before further discussion, we need a fact. 

Fact: Let ^ he a Jordan curve in C, then for any e > 0, there is a 
constant 5^ > such that if zi,Z2 G 7 satisfying d^{zi,Z2) < 5^, then 
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min{diamg(7i), diamg(72)} < e, where 71,72 are two components of j — 
{^1,2:2}; is the spherical distance and diamg is the spherical diameter. 

Note that the Euchdean distance is comparable with the spherical dis- 
tance in any compact subset of C Since J^^, ' ' ' i ^\ ^-rc Jordan curves 
on C, it follows from the above fact that for any e > 0, there is a number 
(5(e) > so that for any < j < p and any pair Ci, C2 G n]^^^\f^^{Bl^), the 
condition |Ci — C2I < '5(e) implies the Euclidean diameter diam(L(Ci, C2)) < e, 
where L(Cii C2) is the bounded component of il^ \ {Ci, C2}- 

To show Jl^ is a quasi-circle, since the external rays and their preimages 
on 0^ are analytic curves, it suffices to show that for any pair zi,Z2 E 

^i\fxHBl^), the turning r(zi,Z2) := diam(L(zi, za))/! 2:1 — 2:21 is bounded. 
To this end, fix a small positive number e <^ 6q and consider T(zi, 2:2) with 
zi, 2:2 G \ /^^{B"^^) and |2:i — Z2I < e. There are two possibilities: 

Ca se 1. ^(2:1, 2:2) HOa = 0. In that case, by the structure of cut rays (see 
QWYj, Proposition 3.2 and Figure 3), we have L{zi,Z2) C ^k>ofx''{B\) 
and diam(/^(L(2:i, 2:2))) — 00 as A; — )■ 00. So there is an integer ^ > such 
that diam(/|(L(2i,22))) < So/2 and diam(/^+^(L(2i, ^2))) > -50/2. By a 
suitable choice of L, we may assume that either f^{L{zi, 2:2)) C f^^{B^) or 

fi{L{z,,z,))cint^'\f^\Bf). 

If fi{L{zi,Z2)) C f^\B{), then the turning T{fi{zi), fi{z2)) is bounded 

by a constant Co since n Bx is an analytic curve. By Koebe distortion 

theorem, 

T(Z1,Z2) < CiT(/|(2i),/i(z2)) < CoCi. 

If f\{L{zi, Z2)) C $7^ \ f^^{B'j^), then there exist two points ni,n2 G 
fi{L{zi,Z2)) with diam(/^+i(L(2i,22))) = |/a(^^i) - /a(^^2)| ^ 6o/2. Note 
that there is a constant C2 > 1 such that for any vi,V2 € C \ /^^{B"^^), 
there is a smooth curve ^(vi, V2) in C\f^^{B'j^^) connecting vi with V2, with 
Euclidean length smaller than (7211^1 — ^2!- Thus 

|/A(ui)-/A(t.2)| = I / fxiz)dz\ < [ \f'x{z)\\dz\ < C2M\u,-n2\, 

where M = max{|/^(z)|; z G C \ f^^{Bl^)}. It turns out that 

5o/{2C2M) < diam(/l(L(zi,Z2))) = diam(L(/^(zi), /^(za))) < So/2. 

It follows (from the above fact) that there is a constant c = c{6o/ {2C2M)) > 
such that \fl{zi) — fl{z2)\ > c. By Koebe distortion theorem, 

r(zi,Z2)<CiT(/i(zi),/l(z2))<^. 

Case 2. L(zi, Z2) n Oa 7^ 0- In that case, there is a smallest integer ^ > 
such that G /^(L(zi,Z2)). If diam(/^(L(zi, Z2))) < 5o/2 < min^^dT, lCl/2 
(we may assume 60 < min^gar^ iCl); then /|(L(zi, Z2)) is contained in {|z| < 
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min^gaT^ lCl/2} and the turning T(/|(zi), /|(z2)) is bounded by a constant 
Cq. By Koebe distortion theorem, 

T(zi,Z2) < CiTifiiz,),fi{z2)) < CoCi. 

If diam(/|(L(zi, Z2))) > 6^/2, then there is an integer m < £ with 
diam(/™(L(zi,Z2))) < So/2 and diam(/]^+^(L(zi, ^2))) > 5o/2. With the 
same argument as that in Case 1, we conclude that T{zi, Z2) is bounded. □ 

Let Qper be a subset of B\{1, 1/2}, consisting of all periodic angles under 
the map r. One may verify that Qper is a dense subset of Q. 

Theorem 3.5 (Cut rays with real parameters). For any A G (0, +00) and 
any angle 9 G Qper with itinerary (sq, si, S2, • • • )? 



k>0 

is a Jordan curve intersecting the Julia set J{f\) in a Cantor set, where 
W = M\ {0}. Moreover, if J^q 3 Xj ^ X e (0,+oo), then n{, in 
Hausdorff topology. 

Here is a remark. If A G .F, then HkyofxHSs^ U S^,J = nk>ofxH(.S^, U 
S^g^)\M*), so the latter is also a reasonable definition of cut rays. However, 
if A G (0, +00), the set nfc>o/;^^('S'^j. U5^g^) is not a Jordan curve in general. 

The proof of Theorem |3.5| is essentially the same as that of Proposition 
3.9 in [QWY| . We would like to mention the idea of the proof here. Let 
Y\ = C\([— 00, w^]U[f^, +oo]UB^) for some large L > 1 and p be the period 
of 9. The itinerary of 9 satisfies Sp^k = Sk for all A; > 0. Since 9^1, 1/2, 
one of Sk will be in the set {±1, • • • , ib(n — 2)} and for any k > and any 
(ei, • • • , ep) = {±Sk, • • • , ±Sk+p-i), the set h^^ o ■ ■ ■ o h^^(Yx) is compactly 
contained in Yx (one should note that if = 1 or 1/2, then /i^ o • • • o hi{Yx) 
is not compactly contained in Yx). Similar to the proof of Proposition 3.9 
in QWY , one can construct two sequence of Jordan curves converging to 
the boundaries of the two components of C — 17^. In this way is locally 
connected. One can show that its two complement components share the 
same boundary, so fJ^ is a Jordan curve. 

With the same proof as Lemma 3.3, one can show that if G ©per; then 



the cut ray is a holomorphic motion in a neighborhood of the real and 
positive axis. This yields the continuity of cut rays. We omit the details. 

Proposition 3.6 (Preimages of cut ray, [QWY] , Prop 3.5). For any A G -Fq 

and any G Qper, suppose that (0^ — {0, 00}) R (Ui<fc<Ar/^(CA)) = for 
some N > I. Then, for any a G Uo<,k<NT~''{9), there is a unique Jordan 
curve (or Q^^^^'^) containing and 00, such that /a ($7") = ^'x^"^ and 
Rx{a) URxia + 1/2) cn'^nBx. 
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The Jordan curve defined in Proposition 3.6 is also called a cut ray. 



We remark that the statement of Proposition |3.6| is slightly different from 



Prop 3.5 in QWY , but their proofs are same. 



Remark 3.7. The cut ray fi" defined by Proposition 3.6 satisfies: 

1. There is a neighborhood U of X, such that for all u r\ Fq, (O^ — 
{0,oo}) n {Ui<,k<N fui^u)) = (this implies the cut ray exists). By 



Lemma \3.3\ and Theorem 3.5, the cut ray 17° moves continuously with respect 
to u eK DTq. 



2. 17° is a quasi-circle (by Lemma 3.4 or with the same proof). 

Lemma 3.8. For any A G J-q and any two different external rays Rx{ti) 
and R\{t2), there is a cut ray 17° with a E Ufc>oT~^(Gper) separating them. 

Proof. Since Qper is an infinite set, we can find an angle 9 G Qper such 
that {n{ - {0,oo}) n (Ufc>i/^(CA)) = 0. The preimages Ufc>or-'=(6') of 9 
are dense in the unit circle, so there is a G Ufc>oT~'^(^) lying in between ti 
and t2. Then Rx{ti) and R\{t2) are contained in different components of 

□ 

4. dHo IS A Jordan curve 



In this section, we will show that OT-Lq is a Jordan curve. We begin with 
a dynamical result for our purpose. To prove Theorem [3l] in |QWY| 
reduce the situation to the following: 



we 



Theorem 4.1 (Backward contraction on dBx, QWY]). Suppose that A G 



C* \'Ho and dBx contains neither a parabolic point nor the recurrent critical 
set Cx, then fx satisfies the following property on dBx: there exist three 
constants 5o > 0, C > and < p < 1 such that for any < 5 < 5o, 
any z G dBx, any integer k >0 and any component Uk{z) of f^^{B{z,6)) 
that intersects with dBx, Uk{z) is simply connected with Euclidean diameter 
diam(;7fc(z)) < C6p^. 

We refer the reader to jQWY| for a detailed proof based on Yoccoz puzzle 



theory. (To obtain Theorem 4.1, one should combine two results in ^QWYj: 



Theorem 1.2 in Section 7.5 and Proposition 6.1 in Section 6.) 

Lemma 4.2. Suppose that J{fx) is not a Cantor set. If dBx contains 
neither a critical point nor a parabolic cycle, then there exist an integer k > 1 
and two topological disks Ux, Vx with Bx C Vx C Ux, such that : Vx — 5- Ux 
is a polynomial-like map of degree with only one critical point oo. 



Proof. The map fx satisfies the assumptions in Theorem 4.1 This guaran- 
tees the existence of three constants 5q, C, p. 

Let Ns be J- neighborhood of dBx, defined as the set of all points whose 
Euclidean distance to dBx is smaller than 5. We choose an integer £ > 
and a number 5 < 5q such that Cp^ < 1 and {^o<j<efx'^ (Cx)) H Ns = 
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Given an Jordan curve 7, we define its partial distance to dB\ by ^(7) := 
m.ayiz(Z'y d{z,dBx)^ where is Euclidean distance. We choose a Jordan 

curve 7o C C \ Bx with 117(70) < 5. The annulus between 70 and dBx 
is denoted by Aq. Since (Uo<j<^/;)^ ''(Ca)) n A''^ = 0, there is an annular 
component of /^^(^o); say Ai, with dB\ as one of its boundary components. 



The other boundary curve is denoted by 71. Theorem 4.1 implies ^(71) < 
m{'yo)Cp^ < 6. Continuing inductively, for any A; > 1, there is an annular 
component of (Ak-i), say A^, whose boundary curves are dBx and 7^. 
Then we have 

w(7fc)/tu(7o) < C/^ 

So we can choose ko > such that w{'yko) < min^e7o d{z, dBx)- Let Vx be 
the unbounded component of C — 7^0 and Uxhe the unbounded component 
of C — 70- Then /^°^ : Vx ^ Ux is a, polynomial-like map of degree n'^o^, 
with only one critical point 00. It is actually quasiconformally conjugate to 
the power map z 1— )■ " . □ 

Lemma 4.3. Suppose A G OT-Lq, then dBx contains either the critical set 
Cx or a parabolic cycle of fx- 

Proof. If dBx contains neither the critical set Cx nor a parabolic cycle. 



then it follows from Lemma |4.2| that there exist an integer k >1 and two 

ft 



topological disks UxjVx with Bx <Z Vx 'Z Ux, such that : — ^ Ux is a 



polynomial like map of degree with only one critical point 00. We may 
assume that Ux has no intersection with Uo<j<fc/;^''(C'A). 

Then there is a neighborhood of U of A, such that for all u € U, the 
set ^o<j<kfu''{Cu) has no intersection with Ux, thus the component Vu of 
fu^{Ux) that contains 00 is a disk. Since dVu moves holomorphically with 
respect to n G we may shrink W to a little bit so that for all u £ U, 
dVu is contained in Ux- Set Uu = Ux- In this way, we get a polynomial- like 
^^-P ft '■ ^ Uu with only one critical point 00, for all u G Z^. As a 
consequence, the Julia set J{fu) is not a Cantor set for u £U- 

But this is impossible since A G OHq- □ 

Given a parameter A G -F, if C dBx, then there is a unique external 
ray Rx{t) landing at v^- We define 9{X) = t- Note that Cx C dBx if and 
only if G dBx- 

Lemma 4.4. If X e T and v'l G dBx, then < 6{\) < 2(n-i) ■ 

Proof. If A G J^, then is contained in the interior of ^q. Note that 
n\ C 5^_iU5^(^_^) and C S^US\, we have < 9{X) < □ 

Lemma 4.5 ( [QWY , Prop 7.5). If dBx contains a parabolic cycle, then 
the following holds: 



Hyperbolic components 
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1. There is a symbol e G {±1}, an integer p > 1, a critical point c £ Cx 

•p 
A 



and two disks U and V containing c, such that e/f : U ^ V is a quadratic- 



like map, hybrid equivalent to the polynomial z ^ + 1/ A. 

2. Let K be the filled Julia set of e/^ -.U^V, then for any j > 0, then 
intersection fliK) n dB\ is a singleton. 



Base on Lemma 



4.5 



let G {f\{K), —f\{K)} be the set containing u^, 
and j3\ be the intersection point of and dBx. 

Remark 4.6. // n is odd, since f\ is an odd function, f3\ is necessarily a 
parabolic point; if n is even, either j3\ or —j3x is a parabolic point. Thus 6 
satisfies either t^{6) = 6 or tP{9) = 6 + ^ for some p > I. 

For any t £ [0, 1), the parameter ray 7^o(i) of angle t in T-Iq is defined by 
7^o(^) :=$o^((l'+oo)e2-^*). Its impression Xt is defined by 



Xt := nfc>i$o ^({re2^^^; 1< r < 1 + 1/k, \e - t\ < 1/k}). 
The set Xt is a connected and compact subset of dHo- It satisfies 

Lemma 4.7. Let t G [0, and X £ XtHTo. 

1. If X is not a cusp, then the external ray R\{t/2) lands at . 

2. If X is a cusp, then the external ray R\{t/2) lands at f3x- 



Proof. For any parameter A G XtCiJ-Q, it follows from Lemma [4.3| that either 
Cx C dBx or dBx contains a parabolic cycle. Since dBx is a Jordan curve 



(Theorem 3.1), there is an external ray Rx{t') landing at vj^ (if A is not a 
cusp) or /3x (if A is a cusp). 

If t' ^ {t/2, (1 + t)/2}, then there exist two cut rays il" and ft^ with 



a,/3 G Ufc>oT ^{Qper) (Lemma 3.8) such that the connected set Rx{t') U 
{vj^} (if A is not a cusp) or Rx{t') U K+ (if A is a cusp), and the external 
rays Rx{t / 2) , Rx{{t + l)/2) are contained in three different components of 
C \ (O" U J7^). See Figure 4. Since the critical value f+ = 2y/u and the 
cut rays move continuously with respect to the parameter u G -Fq 



(Lemma 3.3 and Remark 3.7), there is a neighborhood V of A such that for 
all uGVnTo, 

• Ruit') and are contained in the same component of C \ (il" U i^u)- 

• The external rays Ru{t'), Ru{t/2), Ru{{t + l)/2) are contained in three 
different components of C \ (fi" U flu)- 

By shrinking V a little bit, we see that there is a small number e > such 
that arg ^o{u) = 2 arg 0«(u+) ^ {t- e,t + e) for ah u G V n J"o n Ho- It's a 
contradiction since X £ Xf. 

So either t' = t/2 or t' = (1 + t)/2. To finish, we show the latter is 
impossible. If A G (0, +oo), then dBx contains a cusp and t' = 0. If A G 
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Figure 4. Two cut rays il" and 17^ separate the external 
rays Rx{t'), R\{t/2), R\{{t+1) /2) in case that A is not a cusp. 



then there is a component y of C \ U i^;^ " ) such that vj^ U R\{t') C V . 
In this case, we have < t < 2{n-i) ■ 

So t' = t/2. □ 

We are now ready to state the main result of this section: 

Proposition 4.8 (Main proposition). Given two parameters Ai,A2 € J- , if 
vl^ G dBxJi=l,2) and (9(Ai) = 9{\2), then Ai = A2. 

To prove Proposition |4.8[ we need the fohowing result: 

Theorem 4.9 (Lebesgue measure). If f^{v^) G dB\ for some k >0, then 
the Lebesgue measure of J{f\) is zero. 

The proof of Theorem |4.9| is based on the Yoccoz puzzle theory following 
Lyubich ^Lj. For this, we put the proof in the appendix. 



Proof of Proposition 4-8. If ^(Ai) is a rational number, then both fx^ and 
/aj are postcritically finite. We define a homeomorphism ip : C ^ C such 
that V'Ibai ~ ° 'f'^i' Then there is a homeomorphism 99 : C — )• C 
satisfying o f^-^ = f\^ o ip and <f\B),^ = V'Ibai- (-'■^ isiCt., ^ and ^ can be 
made quasiconformal because dBi and dB2 are quasi-circles, see Theorem 



3.1 ) The condition ^(Ai) = 0{X2) implies that Lp and -0 are isotopic rel 
the postcritical set P{f\^) := {00} U Ufc>i/^^ (C^J. Thus f\^ and f\^ are 
combinatorially equivalent. It follows from Thurston's theorem (see [DH| ) 
that and f\^ are conjugate via a Mobius transformation. This Mobius 
map takes the form 7(2) = az with a*^"^ = 1 and A2 = a^Ai. The condition 
Ai, A2 ^ F implies Ai = A2. 



Hyperbolic components 
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In the following, we assume 9{Xi) is an irrational number. In that case, 
both and fx^ are postcritically infinite. We will construct a quasiconfor- 
mal conjugacy between fx-^ and fx2 with the help of cut rays. 

By Lemma |3.4[ periodic cut rays are quasi-circles. This enables us to 
construct a quasi-conformal map -00 ^ C — )• C with 0, oo fixed, such that: 




Figure 5. Partition and labeling. 

In the following, we will construct a sequence of quasi-conformal maps ipj 
such that 

(a). /a2 o ^j+i = i^j ° f\i for all j > 0, 
(c). = f^^, for all a G r'^l, l}- 

The construction is as follows. For A G {Ai,A2}, any d > and any 
z G Ca U {v^,v'^}, let Q^{z) be the component of C \ f^'^{^l\) containing 

z. The domain F^ := C \ (Q^i'^x) ^ Qd(^A )) either is empty or consists of 
one or two topological disks. Each component of fx^{C \ F^) is a disk. Let 
Qd+ij be its component lying in between Q^_^_i{cj{X)) and Q^^;^(cj+i(A)) 
for < j < 2n, C2n(A) = co(A). See Figure 5. Note that the map /aIqa : 

Qd+1 j — ^ F^ is a conformal isomorphism. 

Suppose that ipo,ijji,--- ^il^d are already defined and satisfy (a),(b), (c). 
We wiU define Vd+i piece by piece. Set Vd+iU^i = (/A2ln^2 ° 

i^d ° (/aiL^i )• then define ipd+i\^. so that it coincides with 
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tpd+i\i^xi in their common boundary and the fohowing diagram commutes 



Qdii(c.(Ai))^Q^(/A.(c,(Ai))) 



Q^^i(c,(A2))— -Q^^(/a,(c,(A2))) 

One may verify that V'd+i is well defined and satisfies fx^ oipd+i = 4'd° f\i ■ 
By induction assumption, -0^ preserves the d-th preimages of Then the 
condition 9{Xi) = 6{\2) and the construction of i^d+i implies that V'd+i Pi's- 
serves the ((i+l)-th preimages of Ol^. Equivalently, for any a G r^'^^^jl, |}, 
we have tpd+ii^x.) = ^A,- equality V'd+iL-d/^L ^ = V'dl (-^13^ \ follows 
by induction. 

The maps if^j form a normal family since their dilations are uniformly 
bounded above. Let tpoo be the limit map of ipj. It is holomorphic in the 
Fatou set F(/aJ = Ukfx^{B{^) and satisfies /a2 0^00 = V'ooo/ai in F{fx^). 



By continuity, ° /ai = f\2 ° V'oo in C. By Theorem 4.9, the Lebesgue 
measure of J(/ai) is zero, so ipoo is a Mobius map of the form V'oo(-z) = az. 
One may verify that a"~^ = 1 and A2 = a^Ai. The condition Ai,A2 G -7^ 
implies Ai = A2. □ 

Theorem 4.10. OT-Lq is a Jordan curve. 

Proof. We first show that Xq is a singleton. To do this, first note that 
the parameter ray 7^o(0) is contained in the real and positive axis. So Xq 
contains at least one positive number. We define g\{z) = z'"'{fx{z) — z) = 
^2n _ -I- A for A, z > 0. The positive critical point of is -z* = (^^) 
and for all z > z*, we have g'xiz) > 0. Let A* solve gx^,{z*) = 0, then 

A* ~ ^^(^^)"~^- A > A*, we have > 0. In this case, for any 

z > 0, we have fx{z) — )• 00 as A; — )• 00. This implies [0, +00) C Bx- In 
particular, G Bx- Thus (A*, +00) C 7^o(0). On the other hand, we have 
/a* (-2*) = and (z^:) = 1. So A* is a cusp and A* G Xq. Moreover, 
by elementary properties of real functions, there is a small number e > 
such that for all A G (A* — e. A*), the map fx has an attracting cycle. So 



(A* — e. A*) is contained in a hyperbolic component (see Theorem 6.2) and 
(A* — e. A*) n Xq = 



not a cusp. By Lemma 



f X q \ {A*} / 0, then there is X G XqCi which is 
we have < ^(A) < 2{n-i) • However by Lemma 



4.4 



4.7, we have 9{X) = 0. This leads to a contradiction. 

In the following, we assume t G (0, ^^)- Take two parameters Ai, A2 G 



XtHJ- which are not cusps, it follows from Lemma 4.7 that ^(Ai) = d{X2 



t/2. By Proposition 4.8 we have Ai = A2. Since there are countably many 
cusps, the impression Xt is necessarily a singleton. So dTio is locally con- 
nected. 



Hyperbolic components 
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If there are two different angles ti,t2 G [0, ^^^) with Xti = = 
then by Lemma 4.7 the external rays R\{ti/2) and R\{t2/2) land at the 
same point on dBx. But this is a contradiction since dBx is a Jordan curve 
(Theorem O). □ 



Theorem 4.10 has several consequences. First, one gets a canonical pa- 
rameterization : S — )• SHq, where ^{O) is defined to be the landing point 
of the parameter ray TZo{0) (namely, ^{O) := lim,,._^]^+ $q "'^(re^'^*^)). 

Theorem 4.11. 1^(9) is a cusp if and only if 8 is r-periodic. 



Proof. By Theorem 
Note that u(9 + 



4.10 

n-l) 



we see that i/(0) = ^(^) 
= e2'^^/("~i)i/(0) and (-1)"/^, 



g7rj/(n i)/^^g^(2:), thus v{6) is a cusp if and only if v{9 + 
this, we assume 9 G (0, :f;zr[)- 

If 1/(0) is a cusp, then by Lemma 
at /3;/(6i). By Remark 



n + l 

is a cusp. 

is a cusp. For 



4.6 



4.7 



the external ray R^(^g){9/2) lands 



satisfies either rP(§) = § or tP(^) = f + i for 
some p > 1. In either case, 9 is r-periodic. 

Conv erse ly, we assume 9 is r-periodic. If i'{9) is not a cusp, then by 
Lemma 4.7l the external ray i?jy(e)(^) lands at V^^^^y Note that | satisfies 



either rP(|) 



or rP(|) 



I -|- ^ for some p > 1. We have that either 



In the former case, we get a 



periodic critical point c G /,7(0) (''^^(e) ) ' t'^^ latter case, we get a periodic 
critical point c G fu(0)i'^u{e)^' These critical points will be in the Fatou set. 
But this contradicts v^^^g^ G dB^i^gy □ 



7 and Theorem 4-11 



Remark 4.12. As a consequence of Lemma 

1. If 9 is T-periodic, then i'{9) is a cusp; 

2. If 9 is rational hut not T-periodic, then fy{^Q) is postcritically finite; 

3. If 9 is irrational, then f^f^g^ is postcritically infinite. 



In the last two cases, one has C^(^g) C dB^(^g^ . 



Moreover, by Borel's normal 
dB„ 



number theorem, for almost all9 G (0, 1], we have ^k>ifl^(^g-^{Cu{e)) = <^^!^(6») 

Proposition 4.13. Set OBq = § and V = C \ T-Lq, then there is a holomor- 
phic motion H : V x S ^ C parameterized by V and with base point such 
that H{X,8) = dBx for all A G V. 

Proof. We first prove that every repelling periodic point of /o(-z) = z"" moves 
holomorphically in 'H2D{0}. Let zq G S = J(/o) be such a point with period 
k. For small A, the map fx is a perturbation of /q. By implicit function 
theorem, there is a neighborhood Uq of such that zq becomes a repelling 
point zx of fx with the same period k, for all A G Uq. On the other hand, 
for all A G each repelling cycle of fx moves holomorphically throughout 



712 (see Mc4 , Theorem 4.2) 
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Since ^2 U {0} is simply connected, by Monodromy theorem, there is a 
holomorphic map Z^^ : Hi U {0} — )• C such that Z-^^iX) = z\ for A G ZYq- 
Let Per(/o) be all repelling periodic points of /q. One may verify that the 
map y : U {0} x Per(/o) — )■ C defined by y(A, z) = Z^j X) is a ho lomorphic 
motion. Note that § = Per(/o), by A-Lemma (see |MSS| or 



Mc4 



there is 

an extension of y, say Y : 'H2 U {0} x S — C. It's obvious that y(A,S) is a 
connected component of J{f\). 

Now, we show y(A,S) = dB\ for all A G I-L2 U {0}. By the uniqueness of 
the holomorphic motion of hyperbolic Julia sets, it suffices to show Y{\, S) = 
dBx for small and real parameter A G (0, e), where e > 0. To see this, note 
that when A G (0, e) the fixed point po = 1 of /o becomes the repelling fixed 
points p\ of /a, which is real and close to 1. The map fx has exactly two 
real and positive fixed points. One is p\ and the other is p\, which is near 
0. It's obvious that p\ is the landing point of the zero external ray of f\. 
So y(A, 1) = PA G dBx. This implies y(A,S) = dBx for all A G (0, e). 

By above argument and Caratheodory convergence theorem, the map 
/i : V X (C \ D) defined hy h{u, z) = (l)-''{z) ii u eU\ {0} and /i(0, z) = z. is 
a hol omorp hic motion of C\D when u varies in V. By Slodkowski's theorem 



(see GJW or Slo ), there is a holomorphic motion H -.V x C extending h 



and for any f G V, we have H{v,E) = dB^. □ 

Theorem 4.14. A G dHo if and only if dBx contains either the critical set 
Cx or a parabolic cycle of fx- 



Proof. By Lemma 4.3, it suffices to prove the 'if part. 



We first assume that fx has a parabolic cycle on dBx- By Lemma 4.5 the 
Julia set J(/a) contains a quasiconformal copy of the Julia set of 2; 1— )■ + 
1/4. So the boundary dBx is not a quasi-circle. It follows from Proposition 



4.13 



that for all u G C \ Hq, dB^ is a quasi-circle. Thus A G dHo. 



Now assume A G and Cx C d Bx. Recall that 0{X) is defined such that 



R\{0{X)) lands at v'^. By Lemma 4.4, we have < 6{\) < 2(n-i) - 



Similar to the proof of Theorem 4.11 we conclude that 29{X) is not r- 
periodic. Then A' = i'{29{X)) G is not a cusp (Theorem |4.1l| . It satisfies 



e{X') = 9{X). It follows from Proposition 4.8 that A = A' G dTio. □ 



5. SlERPINSKI HOLES ARE JORDAN DOMAINS 

Besides Hq, there are two kinds of escape domains: the McMullen domain 
T-L2 and the Sierpinski locus Tik^k > 3. In [Dlj , Devaney showed that the 
boundary 81-12 is a Jordan curve by constructing of a sequence of analytic 
curves converging to it. In this section, we will show that the boundary 
of every Sierpinski hole is a Jordan curve. We remark that our approach 
also applies to d'H2. This will yield a different proof from Devaney's. An 
interesting fact is that our proof relies on the boundary regularity of dHo . 

Let ^ be a escape domain of level k > 3. It has no intersection with 
R"*" := (0, +00). (In fact, by elementary properties of real functions, one may 
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verify that there is a positive parameter A* E (0, J^(0)) such that (0, A*) C 7^2 
and for all A S [A*,z^(0)], the critical orbit of fx remains bounded, in that 
case, fx is renormalizable, see |QWY| Lemma 7.5). 

The relation e'^*/("-i)/A(z) = (-l)"/e2vr,/(n-i);,(e'^^/("-i)z) implies that 
g27r/(n-i)^^ _ -^^^ j^g^y agg^jng % d F. The relation f\{z) = fx{z) 

implies that 71^ is symmetric about the real axis. We may assume further: 
either 7i is symmetric about {A G C*;argA = ^} or 7^ C {A G C*; < 
argA< ^}. 

The parameter ray TZuit) of angle t E (0, 1] in V. is defined by TZuit) '■= 
$^^((0,l)e2"*), its impression ^^^(t) is defined by 



Xn{t) := n,>i$^^({re2-e; <r< 1, 1^ - t| < l/j}). 



When A ranges over T-L, the preimages '^(O) move continuously and 
/^~^ maps each component of f\~^{Tx) conformally onto Tx- Let Ux be the 
component of f'^~^{Tx) containing and gx be the inverse of fx~'^\ux- Both 
5a (0) and C/a moves continuously for X €T-L (and holomorphically in T-L). The 
internal ray Rij^(t) of angle i in Ux is defined by Rjj^it) := gx{RTx{i))- 

Lemma 5.1. For any integer p > 0, the set f^^{Bx) moves continuously 
(in Hausdorff topology) with respect to A G C* \ TIq. 



Proof. It is an immediate consequence of Proposition |4.13 □ 



Lemma 5.2. For any t G [0, 1) and any A G X-}i{t)\d%Q, we have G dUx 
and the internal ray Ru^{t) lands at v'^ . 



Proof. It follows from Lemma 5.1 that the closure of the external ray Rx{t) 
moves continuously (in Hausdorff topology) for A G ^ \ OHq. Note that 
pulling back Rx{t) via preserves the continuity. □ 

Proposition 5.3. For any t G [0, 1), the set A'-^(t) \ dT-Lo is either empty or 
a singleton. 

Proof. If not, there exist t G [0, 1) and a connected and compact subset £ 
of X-}{{t) \ DT-Lq containing at least two points. By Lemma 5.2, the internal 
ray Rir^{t) lands at for A G <S. One may verify that for any A G we 
have fx~^{v^) i dBx and fx^Hv^) G dBx- There is disk neighborhood 
VcC*\ dUo of £ such that for aU A G P, ft^{v^) i 'B~x. 

Take two different parameters Ai , A2 G £ with | arg Ai — arg A2 1 < and 
let J = {fx^ (^^Ai ) ; < J < — 2, e = lb} U Bx^ ■ We define a continuous map 
/i : 2? X J — C in the following way: 

1. /i(Ai, z) = z for all z & J] 

2. h{\, z) = 4)1^ o 0A^ (z) for ah (A, z) G P x iB^^; 

3. For any A G we define /i(A, (f| )) = flivf) for < j < — 2 and 
eG{±}. 



20 



Qiu, Roesch, Wang, Yin 



The map h is a holomorphic motion parameterized by D, with base point 
Ai. By Slodkowski's theorem |Slo|, there is a holomorphic motion H : D x 
C — )• C extending h. We consider the restriction Hq = H\^^^ of H. Note 
that for any X £ £, the map Hq{X, •) preserves the postcritical relation. So 
there is unique continuous map : <f x C — )• C such that Hi{Xi, ■) = id 
and the following diagram commutes: 



Y 



^^o(A,-) 



fx 

Set ipQ = Hq{X2, •) and ipi = Hi{X2, •)• Both ^po and ipi are quasiconformal 
maps satisfying fx,^ o ipi = ipo o fxi ■ One may verify that ipQ and Vi are 
homotopic rel P{fx-^^) U Bx^. To see this, note that Hi{X, ■)~^ o Hq{X, •) is 
homotopic to the identity map rel P{fxi) U Bx^ for all X £ £. 

Then there is a sequence of quasi-conformal maps ipj such that 

(a) . fx2 ° V'j+i = i'j ° fxi for ah j >0, 

(b) . ipj+i and ipj are homotopic rel fx^{P{fxi) U -Bai)- 

The maps ipj form a normal family since their dilations are uniformly 
bounded above. Let tpoo be the limit map of ipj. It is holomorphic in the 
Fatou set F(/aJ = yJkfx^{Bxi) and satisfies fx2°ipoo = V'ooo/ai in -F(/ai)- 
By continuity, fx^ o V'oo = V'oo o fxi in C. 



By Theorem 4.9, the Lebesgue measures of J{fxi) and J{fx2) are zero. 
Thus V'oo is a Mobius map. It takes the form ipoo{z) = az where a"^"*^ = 1 
and A2 = a^Xi. The condition | arg Ai — arg A2I < implies Ai = A2. But 
this is a contradiction. □ 



Proposition 5.4. The boundary dH. is locally connected. 



Proof. It follows from Lemma 5.3 that for any t, the impression A'-^(t) is 



either a singleton or contained in dHo. In the latter case, for any A G 



X-u{t) n J- which is not a cusp, it follows from Lemma 4.7 that there is an 
external ray Rxict) landing at v^. 



We claim that nt = mod 1. If not, then by Lemma 3.8, there is 

a cut ray separating Rx{nt) and Rx{n^~^a). By stability of cut rays, 
there exist a neighborhood of A and e > such that Zli^ ^ and Z'^i,_, 

are contained in different components of C — ilu for all u G W n (C — ^^o)) 
where 

Zfy.= ct>z\{re^-'';r>l,\e-t\<e}). 
Moreover, by shrinking lA a little bit, we see that fu~^{v^) ^ ■^n'=-iQe 
dl\ u £'Hr\U. Then there is a cut ray Vtu C f}j~^{Q,Z), separating f+ and 
^\e~t\<e/nRUu{^) for all u E UriA. However, by the definition of ^^^{t), when 
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k is large so that 1/k < e/n, there is Xk e U D ^y^{{re'^''''^; 1 - l/k < r < 
1, 16* - t| < l/k}). So we have ?;+ C U|0_i|<i/fci?j/^^ (9) C U|0_t|«,/„i2t/^^ (9). 
But this is a contradiction. This completes the proof of the claim. 

Thus each A G ^uit) is either a cusp or contained in {i'{a); nt = n^~^a}{a 
finite set). The connectivity of ^^^(t) implies that it is a singleton. □ 

Theorem 5.5. The boundary dH. is a Jordan curve. 

Proof. If not, then there exist a parameter A € dTi with < argA < 
(by assumption of Ti) and two different angles ti,t2 such that A'-^(ti) = 
'Vn{t2) = {A}. 



By Lemma 3.8 there is a cut ray separating the internal rays Ru^{ti) 
and Ru^{t2). Suppose that and Ru^ih) are contained in the same com- 
ponent of C — ri". By the stability of cut rays, there is a neighborhood U of 
A such that for any u G U CiT-l, the set {v^} U Ru^{ti) and the internal ray 
are contained in different components of C — ri^. But contradicts 
the assumption that X-}{{t2) = {A}. □ 

6. Hyperbolic components of renormalizable type 

In this section, we study the hyperbolic components of renormalizable 
type. 

We begin with a definition. We say a McMullen map fx is renormalizable 
(resp. * -renormalizable) at c £ C\ if there exist an integer p > 1 and two 
disks U and V containing c, such that f^-.U^V (resp. —f^:U — )• is a 
quadratic-like map whose Julia set is connected. The triple (/^, U, V) (resp. 
{—f^,U,V)) is called the renormalization (resp. *-renormalization) of fx- 

Let ;B be a hyperbolic component of renormalizable type. For any X € B, 
the map fx has an attracting cycle in C, say zx 1— )• fx{zx) ^ ■ ■ ■ ^ /a(-^a) = 
zx, where p is the period. We may assume that the attracting cycle is 
suitably chosen and labeled so that zx is holomorphic with respect to A S ;B. 

Lemma 6.1 ( fQWY], Prop 5.4). If X ^ B, then fx is either renormalizable 
or ^-renormalizable. Moreover, 

1. If fx is renormalizable and n is odd, then fx has exactly two attracting 
cycles in C. 

2. If fx is * -renormalizable and n is odd, then p is even, f^^'^{zx) = —zx 
and fx has exactly one attracting cycle in C. 

3. If n is even, then fx has exactly one attracting cycle in C and there is 
a unique c £ Cx, such that fx is renormalizable at c. 

The terminology 'hyperbolic component of renormalizable type' comes 
from Lemma |6. II 

Let p{X) = {fxYi^x) be the multiplier of the attracting cycle of fx for 
X £ B. Base on Lemma 6.1, we set (e, /c) = (— l,p/2) if n is odd and fx 



is *-renormalizable, and (e, k) = {l,p) in the other cases. We define a map 
K : B by k{X) = {ef^)'{zx). Note that either p = k? or p = k. 
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The main result of this section is: 

Theorem 6.2. The map k : B is a conformal map. It can be extended 
continuously to a homeomorphism from B to'B. 

Proof. Note that k(A) is the multipher of the map g\ = ef^ at its fixed point 
zx. By imphcit function theorem, if B 3 Xn ^ dB, then |k(A„)| — >• 1, so the 
map K : — 7- D is proper. 

In the fohowing, we wih show that k is actuahy a covering map. To this 
end, we will construct a local inverse map of n by means of quasiconformal 
surgery. The idea is similar to the quadratic case [CG . 

Fix Xq & B and set kq = k{Xo). We may relabel z\g so that the immediate 
attracting basin of zx^ contains a critical point c G Caq. Note that 
e/^(Ao) = ^0 and there is a conformal map : j4o — )• O such that (pi^Xo) = 
and the following diagram commutes: 



where i?^ is the Blaschke product defined by B(_{z) = Zji^. Obviously 
z = is an attracting fixed point of iJ^p with multiplier B'^{0) = ^. Then 
there is a neighborhood l/( of kq ^ind a continuous family of quasiregular 
maps B : K xO ^ n such that B{ko, •) = -Bko(-) and i§(C, z) = B^oiz) for 
e < |z| < 1 (e > is a small number), B[C,,z) = B(^{z) for \z\ < e/2 and 
B((^, •) is quasi-regular elsewhere. 

Then we get a continuous family of quasiregular maps: 

G = U-irif^;'\f,^^iAo))-Her'B{C,cPie-i-^/^z))), z G e«-/"^o, < g < 2n, 

We can construct a G^-invariant complex structure o"^ such that 

• cTkq is the standard complex structure cr on C. 

• £7^ is continuous with respect to G ^• 

• fj^ is invariant under the maps z i— )• e^'^^^'^z and z i— )■ — z. 

• (7^ is the standard complex structure near the attracting cycle and 

outside Ufc>o/;:^^ (Uo<g<2ne'?"^/"^o) • 

The Beltrami coefficient of satisfies ||^(|| < 1. By Measurable 
Riemann Mapping Theorem, there is a continuous family of quasiconformal 
maps fixing 0, oo and normalized so that ^^(oo) = 1. The map satisfies 

V'c(e2^'/"z) = e2^*/"Vc(-2) and ip(;{-z) = -^c(z). Then = V'c o « V'c ^ 
is a rational map of the form z~'^{z'^^ + Ylo<k<2n^k{C)z'')- The symmetry 
^^(-g27ri/n^) = F^(z) implies = + feo(C)-z"" + MO- Since the two 
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free critical values of satisfies tpdv^^) + ip({V)^^) = 0, we have 6n(C) = 0. 
So = fbo{Q- The coefficient Bq -.U ^ B is continuous with k(6o(C)) = C- 
So 6o is the local inverse of k. This implies k is a covering map. Since D is 
simply connected, k is actually a conformal map. 

The map k has a continuation to the boundary dB. By the implicit 
function theorem, the boundary dB is an analytic curve except at k~^[1). 
So dB is locally connected. Since for any A G dB, the multiplier e^'^** of 
the non-repelling cycle of f\ is uniquely determined by its angle t € S, the 
boundary dB is a Jordan curve. □ 



Remark 6.3. By Theorem 6.2, the multiplier map p : B ^ 3 is a double 
cover if and only if n is odd and fx is *-renormalizable. For example, when 
n = 3, let B+ (resp. B-) he the cardioid of the 'largest' baby Mandelbrot set 
intersecting the positive (resp. negative) real axis, then 

1. p : i3+ — )• D is a conformal map and near the center | of B^, 

p{X) = 24(A - + (216 + 156^/2)(A - + 0((A - ^f). 

2. p : B- — 7- D is a double cover and near the center — | of B^, 

p{X) = h7Q{\ + \f + 0{{\ + \f). 

7. Appendix: Lebesgue measure 



In this appendix, we shall prove Theorem 4.9 based on the Yoccoz puzzle 
theory. 



We first recall the construction of Yoccoz puzzles in |QWY . Given a 



parameter A G Pi J^, we define a graph G\{9i, • • • , Oj^i) by 

Ga(^i, ■■■ ,eN) = dBiyj ((c \ B{) n Ufc>o(<^'^^ u • • • u ^^'^^^ 



where L > 1 and 0i, • • • , ^at G are r-periodic angles. The angles ^i, • • • , ^at 
are chosen so that the free critical orbit ^k>if\{C\) avoids the graph. The 
puzzle pieces of depth d > are defined to be all the connected compo- 
nents of /^''((C \ B{) \ Gx{9i, ■■■ , On)). For any point z € J(/a) whose 
orbit avoids the graph, the puzzle piece of depth d containing z is denoted 
by P^{z). We say the graph G\{9i, • • • , d]\f) is admissible if there exists a 

non-degenerate critical annulus P^{c) \ P^^^ic) (or -P(^(/f (c)) \ -Pi^(/f (c))) 
for some c G Cx and some d > 1. 



Lemma 7.1 ( [QWY , Prop 4.1). Suppose X £ A4 H J- and the map fx is 



postcritically infinite, then there exists an admissible graph Gx{di, ■ ■ ■ ,9n)- 

For c £ Cx, the tableau T(c) is defined as the two-dimensional array 
(.^dif\(^)))d.,i>o- We say T(c) is periodic if there is an integer p > I such 
that P^{fP{c)) = P^{c) for all d>0. 
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Lemma 7.2 ( fQWY , Lemma 5.2 and Propositions 7.2 and 7.3). Suppose 



X G A4 D T and the graph G\{6i, ■ ■ ■ ,9n) is admissible. 

1. If T{c) is periodic for some c E Cx, then fx is either renormaliz- 
able or *-renormalizable. Let K be the small filled Julia set of this 
)renormalization, then K n dBx contains at most one point. 

2. If none of T{c) with c £ Cx is periodic, then for any sequence of 
shrinking puzzle pieces Pq D Pi D P2 • • • , the intersection C\d>QP^ is a 
singleton. 



Here is a remark for Lemma 7.2 if some T(c) is periodic, then there 
exist e £ {±1}, d > and p > 1 such that (e/f , Pj^_^_p(c), Pj*(c)) is the (*- 



)renormalization (see QWY| for more details); if none of T{c) is periodic, 



by carrying out the Yoccoz puzzle theory one step further, we have 

Theorem 7.3 (Lebesgue measure). Suppose that X £ AiOJ- and the graph 
Gxi^i, • • • ,6n) is admissible. If none ofT{c) with c G Cx is periodic, then 
the Lebesgue measure of J{fx) is zero. 



Proof of Theorem 4-9 assuming Theorem 1.3. We assume A G -Fq (note 
that when A is real and positive, the map fx is postcritically finite). It's 
known that if fx is postcritically finite, then the Lebesgue measure of J{fx) 
is zero. So we assume further X £ J-' and fx is postcritically infinite. By 



Lemma 7.1 there is an admissible graph Gx{6i, ■ ■ ■ , 0n)- By the assumption 



fxjvx) ^ dBx, none of T(c) with c G Ca is periodic. It follows from Theorem 



7.3 that the Lebesgue measure of J{fx) is zero. □ 



In this section, we actually prove Theorem 7.3 following Lyubich [L] . 
For k > 0, let Vk be the collection of all puzzle pieces of depth k. We 
first show that d^ = max{diam(P); P G Vk} — )• as A; — )• cxd. To see this, 
suppose that there exist e > and a sequence of puzzle pieces Pn^ G Vn^ 
with ni < < • • • and diam(P„^) > e. There is P*^ G Vm such that 
-^1 = {nk', Pn^, C Pn^} is an infinite set. For k > 1, we define P*^ and Ik 
inductively as follows: -Pns,_i ^ ^ = {j £ Ik-i] Pj C 

P*^} is an infinite set. Then Pn^.,k > 1 is a sequence of shrinking puzzle 
pieces with diam(P*^) > e. This contradicts the fact that flfc -^nfc consists 



of a single point (see Lemma 7.2). 



We define the Yoccoz r- function as follows. We choose some c G C^. 
For each d > 1, we define T{d) to be the biggest integer k G [0,d — 1] 
such that the puzzle piece fx~^{Pdi^)) contains some critical point in Cx, 
we set T{d) = —1 if no such integer exists. Since ^(e'^*^"^) = —fx{z), 
by the symmetry of puzzle pieces (namely, P^{e'^^^^z) = e^^/'^P^{z) for all 
d > 1, see Lemma 4.1 in |Q WY| ) , we see that the Yoccoz r- function is 
well-defined (independent of the choice of c G Cx)- Moreover, it satisfies 

T{d+l) <T{d) + l. 

We say that the critical set Cx is non-recurrent if r(d) is uniformly 
bounded for all d > 1; recurrent if limsupr(d) = 00 (this definition is 
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in fact consistent with the definition in Section [s]) ; persistently recurrent if 
Hminf T((i) = oo. 

Let [/ C C be a simply connected planar domain and z ^ U. The shape 
of U about z is defined by: 

Shape{U,z)= sup \x — z\/ inf |x — z|. 

Lemma 7.4. Let U, V be two planar disks with V(£U^C,xGV. Suppose 
that Shape{U, x) < C , ShapeiV, x) < C, mod{U — V) < m, then there is a 
constant 6 = 5{C,m) £ (0, 1), such that area(y) > 6area{U). 



The proof of Lemma |7.4| is based on the Koebe distortion theorem. We 
leave it to the reader as an exercise. 

Lemma 7.5. Let f be a rational map with Julia set J{f) 7^ C. Let z € J(/), 
if there exist a number e > 0, a sequence of integers < ui < n2 < ■ ■ ■ and 
a constant N > such that 

1. For any k > 0, the component Uk{z) of f^'^^{B{f'^'^{z),e)) that con- 
tains z is a disk. 

2. degif^'=\u,i,)) < N for allk>l. 

Then z is not a Lebesgue density point of J{f). 

Proof. By passing to a subsequence, we assume (z) ^ w £ J{f) as A; — )■ 
00. We may assume further z,w ^ 00 hy a suitable change of coordinate. 
Choose eo < e, when k is large, we have f"'''{z) G B{w, eo/2) C B{w,eo) C 
B{ f^''(z), e). Let Vk{z) be the component of f~^''{B{w, eo/2)) that contains 
z. Then Vk{z) is a disk and deg(/"'' |vj.(2)) < A^. By shape distortion 
(see |QWY| , Lemma 6.1), the shape of Vk{z) about z is bounded above 
by some constant depending on A^. We then show that diam(yk{z)) — t- as 
A; — )• 00. In fact, if not, again by choosing a subsequence, we assume Vk{z) 
contains a round disk B{z,p) for some p > 0. Then for any large k, the 
image f^'={B{z, p)) is contained in B{w, eo/2). But this contradicts the fact 
that J{f) C f'"'{B{z,p)) for large k (see 0). 

Since J(/) 7^ C, there is a round disk B{C,r) d B{w, eo/2) n F{f), here 
F{f) is the Fatou set of /. Take a component Df^ of /""'= {B{(, r)) in Vk{z) 



and p E /""''(C) ^ D^, then by shape distortion (see QWY , Lemma 6.1), 
there is a constant C > such that Shape{Dk,p) < CShape{B{(, r), () = C 
Shape{Vk{z),p) < C S hape{B {w , eo / 2) X) < Ceo/r. Mor eove r, mod{Vk{z) \ 

that there is a 



7.4 



Dk) ^ mod{B{w, eo/2) \ B((^, r)). It follows from Lemma 
constant 6 with area{Dk) > 6area{Vk{z)). So 

area{J{f) n Vk{z)) < area{Vk{z) - Dk) < (1 - S)areaiVk{z)). 

This implies z is not a Lebesgue density point. □ 



Proposition 7.6. // C\ is not persistently recurrent, then the Lebesgue 
measure of the Julia set J{f\) is zero. 
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Proof. Let P(/a) = Ufc>i/^(CA). It's known ( [Mc4|, Theorem 3.9) that for 
almost all z G J{f\), the spherical distance P{f\)) — >• as n — )• oo. 

Suppose that the critical set Cx is recurrent but not persistently recur- 
rent, then there is a positive integer L such that the set {k;T{k) < L} 
is infinite. The recurrence of C\ implies that there is d > L such that 
the annulus P^{c) \ P^^i{c) for some (hence all) c £ Cx is non-degenerate. 
Since T{k + 1) < T{k) + 1, the set A = {k;T{k) = d,T{k + 1) = d + 1} 
is infinite. Moreover {/^-^(c);/c G A} C U<;^^c,Pd+i(.C) Uc&C.PdiO- So 
any critical point c £ Cx satisfies the conditions in Lemma |7.5[ thus it is 
not a Lebesgue density point. We consider a point z £ J{fx) \ Cx with 
limdg(/j^(z), P(/a)) = 0. We may assume that the forward orbit of z does 
not meet the graph Gx{9i, • • • , On) (for else z is not a Lebesgue density point 
by Lemma 7.5). In that case, for each k £ A, there is > k and c' £ Cx 



such that f^-'^-^P^S^)) = PfcV(c') and /i(P4(^)),0 < j < - k - I 
meets no critical point. One can easily verify that z satisfies the conditions 



in Lemma 7.5, and is not a Lebesgue density point of J(/, 



A J 



If the critical set Cx is not recurrent, one can verify that each point 



z £ J {fx) satisfies the condition in Lemma 7.5, Thus J{fx) carries no 
Lebesgue density point. The proof is similar to, but easier than the previous 
argument. We omit the details. □ 

We say a holomorphic map <^ : U — )• V is a repelling system if U (s V, 
the boundary d\] avoids the critical orbit of g and both U and V consist 
of finitely many disk components. The filled Julia set of g is defined by 
K{g) = PlfcM 9~^(^)^ it can be an empty set. 




Figure 6. A repelling system gf : U — t- V, where U is the 
union of all shadow disks and V is the union of six larger 
disks. 
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Theorem 7.7. // the critical set C\ is persistently recurrent, then there is 
a repelling system 51 : U — )• V such that 

1. Each component ofXJ and V is a puzzle piece. 

2. For each component Ui o/U, g\u^ = for some U. 

3. CxCK{g). 

Moreover, the Lebesgue measure of J (fx) — [Jk>ofx^iK{g)) is zero. 

Proof. Since the graph Gx{di,-'' j^a^) is admissible, we can find a non- 
degenerate critical annulus P^{c) \ P^_^_i{c) for some d > I. Set V = 
UcsCa Pd+iic)- Then /^(9V) n V = for ah j > 1. For any j > 1, ei- 
ther fiiCx) C V or fiiCx) n V = 0. Let 1 < ni < na < • • • be all the 
integers such that f^''{Cx) C V. Let li = nj+i — (set uq = 0) for i > 0, 
we pull back V along the orbit {fl{Cx)}^=ni ^^'^ Set Vj. Namely, Vj is the 
union of all components of f^''' (V) intersecting with (Cx). For any i, the 
intermediate pieces /^(Vj), < k < li lie outside V and for any component 
V of Vj, the map fx\v is either univalent or a double covering. 

Since Cx is persistently recurrent, the set {k;T{k) < c? -|- 1} is finite and 
there are only finitely may different Vj's. Moreover, if Vj 7^ Vj, then 
Vj n Vj = (In fact, Vj n Vj = 0). 

Let U = IJj Vj and define ^Iv^ = fx - Then U d V follows from the fact 

that /{'(avj n dv) c av n /{'(av) = 0. 

It follows from Uj>o fTi^x) = [jk>o9''{Cx) C V that Cx C K{g). 

Similar to the proof of Proposition |7.6[ we need only consider a point 
z G Jifx) with d^{f^{z), P{fx)) — as n — oo. For such point, there 
is an integer > such that for all n > N, f^{z) € V implies fxi^) G 
U. Note that there is p > such that fxi^) € V. Then for all j > 1, 
we have g^{f^{z)) G V. It turns out that fx{z) G K{g). This implies 
<^(/a) ~ ^k>ofx^{K{g)) has zero Lebesgue measure. □ 

Let I? C C be a topological disk containing a compact subset K (not 
necessarily connected), the modulus A = D — K, denoted by m(^), is 
defined to be the extremal length of curves joining dD and dK. It's equal to 
the reciprocal of Dirichlet integral of the harmonic measure u'va. A (namely, 
u is harmonic function in A which tends to at regular points of dK and 
tends to 1 at regular points of dD): 

m{A) = (y iViipdxdy^ . 

If we require further that K consists of finitely many components, then 
we have the following area- modulus inequality (see |Lj): 

area{D) > area{K){l + 47rm(^)). 



Now we consider the repelling system (7 : U — )• V defined in Theorem 7.7 
Set V*^ = V and consider the preimages = g~'^(V) for d> 1. Note that 
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V^^^ (s V^. For any z ^ K{g) and (i > 0, denote by W^{z) the piece of level 
d containing z. Let A'^(z) = V'^(z) — V^+^j it is a multiconnected domain. 
One can verify that for any d > 1, if V'^(z) contains no critical point in C\, 
then m(A'^(z)) = m(A'^~-^(/;^(z))); if V^(z) contains a critical point in C\, 
then 2m(A'^(z)) = m{A'^-^{fx{z))). 

Using the same method as in ^ , one can show that 

Lemma 7.8. For any z G K{g), we have "^^dyi m(A'^(z)) = oo. It turns 
out that K{g) is a Cantor set. 

Now we have 

Theorem 7.9. Let 5 : U — )• V be the repelling system defined in Theorem 



7.7, then the Lebesgue measure of K{g) is zero. 

Proof. For any d> 1, let Y'^{zi), • • • , \''^{zk^) be all puzzle pieces of level d, 
where zi, - ■ ■ , G ^id)- We define 

Md = min ui(AUzi)). 

l<i<kd ^ 
— 0<j<d 



By Lemma 7.8, we have — )• c« as d — t- cx). By area-modulus inequality, 
we have 

areafV ) < - < — 

- mini<i<fc^no<i<d(l + 47rm(AJ(^i))) " 1 + 47rM/ 

This implies area(V'^) — )• as d — )• 00. □ 



Theorem |7. 3| then follows from Proposition 7.6 and Theorems 7.7 and 7.9 
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